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Abstract. In this paper a new classification of monomial curves in A* (Ik) is 
given. Our classification relies on the detection of those binomials and mono- 
mials that have to appear in every system of binomial generators of the defin- 
ing ideal of the monomial curve; these special binomials and monomials are 
called indispensable in the literature. This way to proceed has the advantage 
of producing a natural necessary and sufficient condition for the definining 
ideal of a monomial curve in A* ( Ik) to have a unique minimal system of bino- 
mial generators. Furthermore, some other interesting results on more general 
classes of binomial ideals with unique minimal system of binomial generators 
are obtained. 



Introduction 

Let k[x] := k[a;i, . . . , x„] be the polynomial ring in n variables over a field 
k. As usual, we will denote by x" the monomial x^^ ■ ■ ■ x"^" of lk[x], with u = 
{ui, . . . ,Un) e W\ where N stands for the set of non-negative integers. Recall 
that a pure difference binomial ideal is an ideal of k[x] generated by differences of 
monic monomials. Examples of pure difference binomial ideals are the toric ideals. 
Indeed, let A = {ai,...,a„} C Z'^ and consider the semigroup homomorphism 
TT : k[x] k[A] ©ae.A "^t*^; ^» ^ t*^'- The kernel of tt is denoted by Ia and 
called the toric ideal of A. Notice that the toric ideal I_a is generated by all the 
binomials x" — x"^ such that 7r(x") = 7r(x"^), see, for example, [21] Lemma 4.1]. 

Defining ideals of monomial curves in the affine n-dimensional space A"(k) serve 
as interesting examples of toric ideals. Of particular interest is to compute and 
describe a minimal generating set for such an ideal. In [TU] Herzog provides a 
minimal system of generators for the defining ideal of a monomial space curve. The 
case n = 4 was treated by Bresisnky in [4], where Grobner bases techniques have 
been used to obtain a a minimal generating set of the ideal. 

A recent topic arising in Algebraic Statistics is to study the problem when a 
toric ideal has a unique minimal system of binomial generators, see [IB]- To 
deal with this problem, Ohsugi and Hibi introduced in [T3] the notion of indispens- 
able binomials, while Aoki, Takemura and Yoshida introduced in [2] the notion 
of indispensable monomials. The problem was considered for the case of defining 
ideals of monomial curves in [5]. Although this work offers useful information, the 
classification of the ideals having a unique minimal system of binomial generators 
remains an unsolved problem for rt > 4. For monomial space curves Herzog's re- 
sult provides an explicit classification of those defining ideals satisfying the above 
property. The aim of this work is to classify all defining ideals of monomial curves 
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in A^(k) having a unique minimal system of generators. Our approach is inspired 
by the classification made by Pilar Pison in her unpublished thesis. 

The paper is organized as follows. In section 1 we study indispensable monomials 
and binomials of a pure difference binomial ideal. We provide a criterion for check- 
ing whether a monomial is indispensable, see Theorem II. 9[ and also a sufficient 
condition for a binomial to be indispensable, see Theorem ll.lOl As an application 
we prove that the binomial edge ideal of an undirected simple graph has a unique 
minimal system of binomial generators. Section 2 is devoted to special classes of 
binomial ideals contained in the defining ideal of a monomial curve. Corollary 12.51 
underlines the significance of the critical ideal in the investigation of our problem. 
Theorem 12 . 1 2 1 and Proposition l2 . 1 31 provide necessary and sufficient conditions for a 
circuit to be indispensable of the toric ideal, while Corollarv l2. 161 will be particularly 
useful in the next section. In section 3 we study defining ideals of monomial curves 
in A'*(lk). Theorem 13.51 carries out a thorough analysis of a minimal generating set 
of the critical ideal. This analysis is used to derive a minimal generating set for the 
defining ideal of the monomial curve, see Theorem l3.8l As a consequence we obtain 
the desired classification, see Theorem l3.9l Finally we prove that the defining ideal 
of a Gorenstein monomial curve in A*(k) has a unique minimal system of binomial 
generators, under the hypothesis that the ideal is not a complete intersection. 

1. Generalities on indispensable monomials and binomials 

Let k[x] be the polynomial ring over a field k. The following result is folklore, 
but for a lack of reference we sketch a proof. 

Theorem 1.1. Let J C k[x] be a pure difference binomial ideal. There exist a 
positive integer d and a vector configuration A — {ai, . . . , a„} C Z'* such that the 
toric ideal Ij^ is a minimal prime of J. 

Proof. By [71 Corollary 2.5], ( J : (xi • • • a:„)°°) is a lattice ideal. More precisely, if 
C = span^lu — V I x" — x"*' g J}, then 

(J : . • • x„)°°) = (x" - x^ | u - v G £) =: Ic. 

Now, by |7J Corollary 2.2], the only minimal prime of Ic which is a pure difference 
binomial ideal is /sat(c) '■= — x^ | u — v G Sat(>C)), where Sat(£) := {u e 
Z" I zu e £ for some z e Z}. Since Z"/Sat(/:) ^ if, for d = n - rank(£), 
then Bi + Sat(£) = e Z'', for every i = 1, . . . , n, and hence the toric ideal of 
A = {ai, . . . , a„} is equal to /sat(£) (see [3T1 Lemma 12.2]). 

Finally, in order to see that is a minimal prime of J, it suffices to note that 
J C P implies (j : (x\ ■ ■ ■ x„)°°) C P, for every prime ideal P of k[x]. □ 

Remark 1.2. Observe that if J = (x"^ — x'*'^ | j = 1, . . . , s), then C — span^juj — 
Vj I j = 1, . . . , s}. So, it is easy to see that, in general, J ^ Ic- For example, if 

J ~ {x — y, z — t,y^ — yt), then Ic = {x — t,y ~ t, z ~ t). 

Given a vector configuration A = {ai, . . . , a„} C Z'', we grade k[x] by setting 
deg_^{xi) = ai, i = 1, . . . ,n. We define the ^—degree of a monomial x" to be 

deg^(x") = Miai + . . . + Mria„. 

A polynomial / G k[x] is yl— homogeneous if the ^—degrees of all the monomi- 
als that occur in / are the same. An ideal J C k[x] is ^—homogeneous if it 
is generated by ^—homogeneous polynomials. Notice that the toric ideal /_4 is 
^—homogeneous; indeed, by [HI Lemma 4.1], a binomial x" — x"^ S I a if and only 
if it is ^—homogeneous. 

The proof of the following result is straightforward. 
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Corollary 1.3. Let J C k[x] be a pure difference binomial ideal and let A = 
{ai, . . . , a„} C Z'*. Then J is A— homogeneous if and only if J ^ Ia- 

Notice that the finest ^—grading on k[x] such that a pure difference binomial 
ideal J C k[x] is ^—homogeneous occurs when /_4 is a minimal prime of J. Such 
an yl— grading does always exist by Theorem ll.il Ideals with finest yl— grading are 
studied in much greater generality in [T^- An ^—grading on k[x] such that a pure 
difference binomial ideal J C k[x] is ^—homogeneous is said to be positive if the 
quotient ring k[x]//4 does not contain invertible elements or, equivalently, if the 
monoid is free of units. 

The ^—degrees of the polynomials appearing in any minimal system of A- 
homogeneous generators of I a do not depend on the system of generators: it 
is well known that the number of polynomials of A— degree b £ NA in a min- 
imal system of A-homogeneous generators is dimj^ Tor;p(k, k[,4])b (see, e.g. [211 
Chapter 12]). Thus, we say that I a has minimal generators in degree b when 
dimi<Torf (k, k[y^])b ^ 0. In this case, if / £ has degree b we say that / is a 
minimal generator of Ia- 

From now on, let A = {ai, . . . , a„} C be such that the quotient ring k[x]//^ 
does not contain invertible elements and let J C k[x] an ^—homogeneous pure 
difference binomial ideal. 

Definition 1.4. A binomial / = x" — x^ S J is called indispensable of J if 

every system of binomial generators of J contains / or — /, while a monomial x" 
is called indispensable of J if every system of binomial generators of J contains 
a binomial / such that x" is a monomial of /. 

In the following we will write Mj for the monomial ideal generated by all x" for 
which there exists a nonzero x" — x'^ G J. 

The next proposition is the natural generalization of [51 Proposition 3.1], but for 
completeness, we give a proof. 

Proposition 1.5. The indispensable monomials of J are precisely the minimal 
generators of AIj. 

Proof. Let {/i, . . . , /s} be a system of binomial generators of J. Clearly, the mono- 
mials of the fi, i = I, . . . , s, generate Mj. Let x" be a minimal generator of Mj. 
Then x" — x"*' S J, for some nonzero u G N". Now, the minimality of x" assures 
that x" is a monomial of fj for some j. Therefore every minimal generator of Mj is 
an indispensable monomial of J. Conversely, let x" be an indispensable monomial 
of J. If x" is not a minimal generator of Mj, then there is a minimal generator 
x'^ of Mj such that x" = x'^^x" with u' ^ 0. By the previous argument x"^ is an 



indispensable monomial of J, hence without loss of generality we may suppose that 
fk = x'*^ — x^ for some k. Thus, if fj = x" — x"^, then 



as many times as necessary, we will find a system of binomial generators of J 
such that no element has x" as monomial, a contradiction to the fact that x" is 



Corollary 1.6. //x" G Mj is an indispensable monomial of Ia, then it is also an 
indispensable monomial of J. 




indispensable. 



□ 



Proof. It suffices to note that AIj C A//^ by Corollarv ll.3l 



□ 



Now, we will give a combinatorial necessary and sufficient condition for a mono- 
mial x" G k[x] to be indispensable of J. 
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Definition 1.7. For every b G NA we define the graph G'b(J) whose vertices are 
the monomials of Mj of ^—degree b and two vertices x" and x'^ are joined by an 
edge if 

(a) gcd(x",x-)^l; 

(b) There exists a monomial 1 ^ x'^ dividing gcd(x",x"^) such that the bino- 
mial x"-^ - x^-^ belongs to J. 

Notice that G'b(J) = (ZS exactly when Mj has no element of ^—degree b; in 
particular, Gb{J) = if b = 0, because 1 ^ Mj (otherwise, k[x]//x would contain 
invertible elements). Moreover, since J C we have that G'b(J) is a subgraph 
of Gb{I^), for all b. Finally, we observe that condition (b) is trivially fulfilled for 
J = Ia because (/^ : {xi ■ ■ ■ Xn)°°) = Ia, in this case, if G'b(J) ^ 0, the graph 
Gb(J) is nothing but the 1— skeleton of the simplicial complex Vb appearing in 
[T5] . Thus, we have the following: 

Theorem 1.8. Let x" — x"^ e Ia be a binomial of A— degree b. Then, f is a 
minimal generator of I a if cind only if x" and x'^ lie in two different connected 
components of Gy,{Ia), in particular, the graph is disconnected. 

Proof. For a proof see, for example, [T71 Section 2]. □ 

The next theorem provides a necessary and sufficient condition for a monomial 
to be indispensable of J. 

Theorem 1.9. A monomial is indispensable of J if and only j/{x"} is connected 
component of Gy,{J) where b — deg_4(x"). 

Proof. Suppose that x" is an indispensable monomial of J and {x"} is not a con- 
nected component of Gb(J)- Then, there exists x'^ e Mj with ^—degree equals b 
such that gcd(x", x^) ^ 1 and x"-'^-x^-'^ e J, where 1 7^ x"^ divides gcd(x", x^). 
So x"^'*^ G Mj and properly divides x", a contradiction to the fact that x" is 
a minimal generator of Mj (see Proposition II. 5p . Conversely, we assume that 
{x"} is connected component of Gh{J) with b = deg_4(x") and that x" is not 
an indispensable monomial of J. Then, by Proposition [T31 there exists a binomial 
/ — x.^ — x^ G J, such that x'*^ properly divides x". Let x" = x'^^x" , then 1 7^ x" 
divides gcd(x", x"'x^) and hence (x" - x"'x^)/(x"') = / e J. Thus, {x",x"'x^} is 
an edge of Gb(J), a contradiction to the fact that {x"} is a connected component 
ofGb(J). □ 

Now, we are able to give a sufficient condition for a binomial to be indispensable 
of J by using our graphs Gb(J). 

Theorem 1.10. Given x" - x^ £ J and let h = deg_4(x") ( = deg^(x'^)). // 
Gh{J) = then x" — x'^ is an indispensable binomial of J. 

Proof Assume that Gb(J) = {{x"},{x^}}. Then, by Theorem [LQl both x" and 
x"^ are indispensable monomials of J. Let {/i,...,/^} be a system of binomial 
generators of J. Since x" is an indispensable monomial, fi ~ x" — x'^ 7^ 0, for some 
i. Thus deg_^(x") = deg_4(x^) and therefore x^ is a vertex of Gb( J). Consequently, 
w = V and we conclude that x" — x'^ is an indispensable binomial of J. □ 

The converse of the above proposition is not true in general: consider for instance 
the ideal J = {x — y , y'^ — yt, z — t) = {x — t, y ~ t, z ^ t) f] {x , y , z — t) , then J is 
^-homogeneous for ^ = {1,1,1,1}. Both x — y and z — t are indispensable binomials 
of J, while Gi(J) = {{x}, {y}, {z}, {t}}. 

Corollary 1.11. If f = x.^ —x^ E J is an indispensable binomial of Ia, then f is 
an indispensable binomial of J. 
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Proof. Let b = deg_4(x") ( = deg^(x^)). By [18, Corollary 7], if x" - x^ is an 
indispensable binomial of Ia, then Gb(^^) = Since x" and x'^ are 

vertices of G'b(J) and Gb{J) is a subgraph of Gb(/^), then Gb{J) = Gb(/^) and 
therefore, by Theorem ll.lOl we conclude that x" — x'*' is an indispensable binomial 
of J. □ 

Again we have that the converse is not true; for instance, x — y and z — t are 
indispensable binomials of J = {x—y, y^—yt, z—t) and none of them is indispensable 
of the toric ideal 

We close this section by applying our results to show that the binomial edge 
ideals introduced in [TT] have unique minimal system of binomial generators. 

Let G be an undirected connected simple graph of the vertex set {1, . . . , n} and 
let k[x, y] be the polynomial ring in 2n variables, xi, . . . , x„, yi, . . . , y„, over k. 

Definition 1.12. The binomial edge ideal Jg C k[x, y] associated to G is the ideal 
generated by the binomials ftj = xtyj — xjyi, with i < j, such that {i, j} is an edge 
of G. 

Let Jg C k[x, y] be the binomial edge ideal associated to G. By definition, Jg 
is contained in the determinantal ideal generated by the 2 x 2— minors of 

f Xi ... Xn \ 

\ yi ■■■ Vn ) ' 

This ideal is nothing but the toric ideal associated to the Lawrence lifting, A(^), 
of ^ = {1, . . . , 1} (see, e.g. [3TJ Chapter 7]). Thus, Jg ^ Ik{A) and the equality 
holds if and only if G is the complete graph on n vertices. By the way, since G is 
connected, the smallest toric ideal containing Jg has codimension n — 1. So, the 
smallest toric ideal containing Jg is Ik{a) ; that is to say, A(.A) is the finest grading 
on k[x,y] such that Jg is A(^)— homogeneous. 

Corollary 1.13. The binomial edge ideal Jg has unique minimal system of bino- 
mial generators. 

Proof. By [TSl Corollary 16], the toric ideal Ik(a) is generated by its indispensable 
binomials, thus every fij G Jg, is an indispensable binomial of Ia{A)- Now, by 
CoroUarv ll.lll we conclude that Jg is generated by its indispensable binomials. □ 

The above result can be viewed as a particular case of the following general result 
whose proof is also straightforward consequence of [181 Corollary 16] and Corollary 

[mi 

Corollary 1.14. Let A = {ai, . . . , a„} C Z"^ be such that the monoid is free of 
units. If J k[x, y] is a binomial ideal generated by a subset of the minimal system 
of binomial generators of Ia(A) ; then J has unique minimal system of binomial 
generators. 

2. Critical binomials, circuits and primitive binomials 

This section deals with binomial ideals contained in the defining ideal of a mono- 
mial curve. Special attention should be paid to the critical ideal; this is due to the 
fact that the ideal of a monomial space curve is equal to the critical ideal, see [10] . 
Throughout this section A = {oi, . . . , a„} is a set of relatively prime positive in- 
tegers and I A C k[x] = k[xi, . . . ,Xn] is the defining ideal of the monomial curve 
xi — t""^ , . . . ,Xn — t"'" in the rt— dimensional affine space over k. 
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2.1. Critical binomials. 

Definition 2.1. A binomial x^' — Ilj^^i ^J'^ ^ ^-A is called critical with respect to 
Xi if Ci is the least positive integer such that CiUi G J^j^i^'^j- The critical ideal 
of A, denoted by C\, is the ideal of k[x] generated by all the critical binomials of 
Ia- 

Observe that the critical ideal of A is ^—homogeneous. 

Notation 2.2. From now on and for the rest of the paper, we will write Ci for the 
least positive integer such that Ciai G X^j^i Noj, for each i — 1, . . . ,n. 

Proposition 2.3. The monomials x^^ are indispensable of for every i. Equiv- 
alently, {a:^*} is a connected component of Gb{lA)i where b — CiOi, for every i. 

Proof. The proof follows immediately from Theorem 11.81 and Theorem 11.91 □ 

The next proposition determines the indispensable critical binomials of the toric 
ideal. 

Theorem 2.4. Let f = xf^ — Jlj^i '^J'^ critical binomial of then f is 

indispensable of Ij^ if, and only if, f is indispensable of Cj{. 

Proof. By CoroUarv ll.lll we have that if / is indispensable of I a then it is indis- 
pensable of Ca- Conversely, assume that / is indispensable of Cj,- Let {fi, . . . , fs} 
be a system of binomial generators of not containing /. Then, by Proposition 
12.31 /; — x1^ — Yij^i^/ fo'^ some I. So, // is a critical binomial, that is to say, 
// S C\. Therefore, we may replace / by // and f ^ fi £ Ca in a system of 
binomial generators of C_a, a contradiction to the fact that / is indispensable of 
Ca- □ 

Corollary 2.5. If Ia has unique minimal system of binomial generators, then Ca 
does also has. 



Proof. The monomials x^' are indispensable of Ia, for each i (see Proposition[ 
Thus, for every i, there exists a unique binomial in Ia of the form cc^* — Ylj^i ■^J'^ 
and we conclude that Ca has unique minimal system of binomial generators. □ 

Example 2.6. Let A = {4, 6, 2a + 1, 2a + 3} where a is a natural number. For 
a = 0, it is easy to see that I a does not have a unique minimal system of binomial 
generators. If a > 1, then x^ — x"x2 and x| — xiXg g Ca- Thus Ca is not generated 
by its indispensable and therefore Ia docs not have a unique minimal system of 
binomial generators. 

2.2. Circuits. 

Recall that the support of a monomial x" is defined to be the set supp(x") = 
{i G {1, . . . , n} I Ui 7^ 0}. The support of a binomial / = x" — x"^ G Ia, denoted 
by supp(/), is defined as the union supp(x") U supp(x'^). We say that / has full 
support when supp(/) = {1, . . . ,n}. 

Definition 2.7. An irreducible binomial x" — x"^ G I a is called a circuit if its 

support is minimal with respect the inclusion. 



Lemma 2.8. 



Let Uj{i) = gcj(°' Q .) ; * 7^ j- The set of circuits in I a is equal to 
{xr^'^-xf'^\^^J}. 



Proof See ^ Chapter 4] □ 

The next theorem provides a class of toric ideals generated by critical binomials 
that, moreover, are circuits. 
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Theorem 2.9. IfCA= - 2:2" , • . • , x^^i' then Ca = Ia- 

Proof. From the hypothesis the binomial x^' — x^^^^ belongs to I a, for each i € 
{l,...,n — 1}, so every circuit of I a is of the form x^!" — x'j' , since gcd(cfe, q) = 1. 
Now, from Proposition 2.2 in [1], the lattice L = kerz(^) = {u e Z"|Miai + . . . + 
Undn = 0} is generated by {cjej — Cj-ej | 1 < i < j < n}, where e^ is the vector 
with 1 in the i— th position and zeroes elsewhere. The rank of L equals n — 1 and 
a lattice basis is {v^ = CiSi — Ci+ie^+i \ l<i<n — 1^ Thus Ca is a lattice basis 
ideal. Let M be the matrix with rows vi, • • . 1 v^_i, then AI is a mixed dominating 
matrix and therefore, from Theorem 2.9 in [8], the equality Ca — I A holds. □ 

Remarks 2.10. 

(1) For n — A, a. different proof of the above result can be found in 

(2) The converse of Theorem 12.91 is not true in general (see, e.g., pi). 

(3) If every critical binomial of Ia is a circuit and the critical ideal has codi- 
mension n — 1, then — cjUj, for every i ^ j. In particular, all minimal 
generators of Ia have the same .A— degree. This situation is explored in 
some detail in 20 from a semigroup viewpoint. 

The rest of this subsection is devoted to the investigation of necessary and suf- 
ficient conditions for a circuit to be indispensable of Ia ■ 

Lemma 2.11. Let f — a;"'^-'' — xj^^*^ d Ia be a circuit and let b — Ui{j)ai. Then 
there is no monomial x'^ in the fiber deg^^(6) such that supp(x'^) = {i, j}. 

Proof. Let us suppose the opposite. Then, there exist xl^x"^^ G deg^^(6), that 
is to say, aiUi{j) = ajUj{i) = UiVi + ajVj. We have that aj = Ui{j) ■ gcd{ai,aj) 
and therefore Ui{j) divides aj. Moreover no prime factor of Ui{j) divides Oi, so we 
conclude that either Ui{j) divides Vi or Vi = 0. Similarly, we obtain that either 
Vj = or Uj{i) divides Vj. Hence, either w,; — Ui{j) and Vj = or Vj ~ Uj{i) and 
Vi — Q and we are done. □ 

Theorem 2.12. Let f — x"''"''' — xj'^*"* ^ Ia be a circuit and let b ~ Ui{j)ai. 
Then, f is indispensable of Ia if, o,nd only if, b — ^ HA, for every k ^ i,j. In 
particular, Ui{j) — Ci and Uj{i) — Cj. 

Proof. First of all, we observe that deg^^(fe) 3 { x"' a; J^^*''} and equality holds 
if, and only if, / is indispensable. So, the "only if" condition follows. Conversely, 
since b ^ '^k=ii j^'^k, the supports of the monomials in deg^^(6) are included in 
{i,j} and then, by Lemma 12.111 we are done. □ 

Observe that from the above result it follows that if a circuit is indispensable, 
then it is a critical binomial. 

Let -<ij be an ^—graded reverse lexicographical monomial order on k[x] such 
that Xk ~<ij Xi and Xk <ij xj for every k ^ i, j. 

Proposition 2.13. Let f — x^'^"*^ — xj^^''' Ia be a circuit. Then, f is indispens- 
able of I A if and only if, it belongs to the reduced Grobner basis of I a with respect 

to ^ij . 

Proof. If / is indispensable, then, from Theorem 13 in (18) . it belongs to every 
Grobner basis of I a. Now, suppose that / belongs to the reduced Grobner basis of 
Ia with respect to -<ij and it is not indispensable. Since / is not indispensable, 
there exists a monomial x" in the fiber of Ui{j)ai different from a;"'^-'-* and x^'^^\ 
By Lemma [2.111 we have that supp(x") ^ {i,j}, so there is fc e supp(x") and 
k ^ j}- Hence, both /; = a;"'*'"''' — x" and fj — a;J^^'-' — x" belong to Ia with 
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m^^.{fi) = x"*^-'^ and m^^.{fj) = a; J"*-*'. So, we conclude that / = x"'^''^ - x"^^-^^ G 
J4 is not in the reduced Grobner basis of I a with respect to -<ij, a, contradiction. □ 

2.3. Primitive binomials. 

Definition 2.14. A binomial x" — x'^ e Ij, is called primitive if there exists no 
other binomial x" — x'^ such that x" divides x" and x'^ divides x"^. The set of 
all primitive binomials is called the Graver basis of A and it is denoted by Gr{A). 

Theorem 2.15. Let f = x^'x^' — x^''x]'^ G Gr{A) be such that Ui < Ci,Uj < 
Cj, Uk < Cfe and ui < ci with i, j, k and I pairwise different. Then f is indispensable 
of J ^ Ia^] k[xi,Xj,Xk,xi]. 

Proof. By [3T1 Proposition 4.13(a)], J = n k[xi,Xj,Xk,xi] is the toric ideal as- 
sociated to A' — {ai,aj,ak,ai}. Thus, without loss of generality we may assume 
n = 4:, then J = I^. First we will prove that the monomials x^'xj^ and x'^'^xf 
are indispensable. By Theorem 11.91 it is enough to prove that is a con- 

nected component of Gb(/^), where b = UiUi + Ujaj. Let x'^ e deg^^(6) be different 
from cc^-xj^ and x^'xf'. If u^ < v^, then (xj^ - a;^'' xj" ) G I a, thus 

xj^ — xj^ x^'' x^' G I A which is impossible by the minimality of Cj (see Propo- 

sition [53]). Analogously, we can prove that uj > Vj,Uk > Vk and ui >vi. Therefore 
2^r^?'«'""'2;;^~''' - xl^xj') G I A and so ^'-^'x;^""^ - xl'xj' G a contra- 
diction with the fact that / is primitive. The proof that x^''xf^ is indispensable is 
completely analogous. Finally, since b = degj^{x"^ x"^ ) = deg^(a;^'°a::"' ), we deduce 
that there is not a third vertex in Gb{J). Thus Gb{J) = {{^i'x^^ }, {x^'^a;"' }} and, 
by Theorem 1 1.1 01 we are done. □ 

Corollary 2.16. Let f — x^'xj^ — x^''xf' G Ia be such that Ui < Ci, Uj < cj, 

Uk > and ui > with i,j,k and I pairwise different. Lfx^'°xf' is indispensable of 
J ~ Lj{n k[xi, Xj, Xk, a;;], then f is indispensable of J. 

Proof. Since, by Theorem 1 1.9 1 {x^''xf' } is a connected component of Gb{lA), where 
b = UkCLk + uiai, the monomial x'^ G deg^ (6) in the above proof has its support in 
{i, j}. Thus, repeating the arguments of the proof of Theorem l2.15[ we deduce that 
Ui > Vi and uj > Vj. But x"'a;J' — a;"'a:J^ G Ia, so UiUi + ujUj = Vitti -\- VjUj which 
implies that Ui = Vi and Uj = vj. By Theorem 1 1 . 1 01 we have that / is indispensable 
of J. □ 

Combining Theorem 12.151 with Corollary 11.111 we get the following corollary. 

Corollary 2.17. Given i, j, k and I G {1, . . . , n} pairwise different, let J be the ideal 
of k[x, ] generated by all Graver binomials of I a of the form x'^'x.' - 

x'^'^xf with Ui < Ci,Uj < Cj,Uk < Ck and ui < ci. Then J has unique minimal 
system of binomial generators. 

Finally we provide another class of primitive binomials which are indispensable 
of a toric ideal. 

Corollary 2.18. Let f = a;"*a;J' - x^^a:"' G Gr{A) such that < u^ < a and 
< Uk < Ck, for i,j,k and I pairwise different. If UiUi + UjUj is minimal among 
all Graver A— degrees, then f is indispensable of Ij\^ H k[a;i, a:^, a:^, x^]. 

Proof. Since Cjaj is a Graver ^—degree, we have UiOi -t- UjOj < Cjaj, so it follows 
Uj < Cj. Similarly, we can prove ui < ci. Therefore, by Theorem 12. 15[ we conclude 
that / is indispensable of Ia H k[xi, Xj , xi , Xk] ■ □ 
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3. Classification of monomial curves in A'^(k) 

Let A — {01,02,03,04} be a set of relatively prime positive integers. First we 
will provide a minimal system of binomial generators for the critical ideal C^. This 
will be done by comparing the ^-degrees of the monomials x^^ , for i — I, . . . ,A. 

Lemma 3.1. Let fi = x^' — Ylj^i x^'^ , i — 1, ... ,4, be a set of critical binomials 
of I A o-iT-d let gi G Ia be a critical binomial with respect to xi. If fi ^ — fi for every 
i, then gi G (/i, /2, /s, /4)- 

Proof. For simplicity we assume I — 1. Let gi — x^^ — X2^x]^^x^'^ G be a critical 
binomial. If gi = fi, there is nothing to prove. If gi ^ /i, without loss of generality 
we may assume that ui2 > V2,ui3 < and ui4 < W4, so — /i = mig2, with mi = 
2^2' "x^'' and 32 = x^i^-"^ - x^J^-^i^a;^"-"" e I a (in particular W12 - ^2 > C2). 
But 

x1' ~ = fi + mix^"-''^-'=V2 e U 

and also /i ^ — /2, thus from the minimality of ci it follows that U21 — 0, that is 
to say, /2 6 k[x2, 0:3, X4]. Now, by dividing 52 with /2, we obtain h2 € k[x2, 2:3, X4] 

such that either 52 = ^2/2 or 32 — ^2/2 — ^-293, with m2 = —x^^x^'^~"^^,g3 = 
4* * " and v'2 < C2, by interchanging the variables 2:3 and X4 
if necessary. If 52 = /12/2, then gi = fi + mi/i2/2 and we are done. In the second 
case, since 

x1' - x\^^xl^^^''^xl^-^'x\^^^''' ^ gi - mim2a;3""""""^"'V3 G Ia 

and fi ^ — /3, from the minimality of ci it follows that W31 = 0, that is to say, 
/3 £ k[a;2, X3, a;4]. Analogously, by dividing (73 with /s, we obtain /13 G k[a;2, 0:3, X4] 
such that either 33 = /13/3 or 53 - ^13/3 = 771334, with 7713 = -.T2^2:4'' , 54 = 

- ^0:3^ and < C3. II gs = /13/3, then g^ f^ + 7711/12/2 + 

777,1777,2^3/3 and we are done. Otherwise, since 

Ci _ «4i l'2+l'2+«42 f3+«13+'J43 1'4+«14 — C4 

X X^ X'2 X^ X^ — 

31 - 7771777253 + 777177127713X4" fi^^A 

and /i 7^ ^fi, from the minimality of ci it follows that 7141 = 0, that is to say, 
fi G k[x2,X3,X4]. Therefore, we have that /2,/3 and fi G k[x2,X3,X4]. Taking 
into account that Ia n k[x2,X3,X4] is generated by /2,/3 and fi (see, e.g., [211 
Proposition 4.13(a)] and [121 Theorem 2.2]), we conclude that 32 = 321/2 + 323/3 + 
324/4 and hence 31 = /i+777 i32i/2+mi323/3+»7ii324/4, with 32^ G k[x2, 2:3, ^4], j = 
1,3,4. □ 

Proposition 3.2. Let fi = x^' — Ylj^i ^^J'^ i 7 = 1, . . . , 4, be a set of critical bino- 
mials. If fi ^ -fj for every i ^ j, then Ca = (/i, /2, fs, fi)- 

Proof. The proof follows directly from Lemma l3. II □ 

Observe that fi = —fj if and only if fi ~ xj' — x'^f and fj — x^' — x^'; in 
particular, they are circuits. The following proposition provides an upper bound 
for the minimal number of generators of the critical ideal. 

Proposition 3.3. The minimal number of generators ^(Ca) of Ca is less than or 
equal to four. 

Proof. Let T = {/i, . . . , fi} C Ia be such that fi is critical with respect to Xi. If 
fi 7^ —fj, for every i ^ j, then we are done by Proposition [221 Otherwise, without 
loss of generality we may assume /i = — /2, that is to say, /i = x^^ — Xj^. Suppose 
that T is not a generating set of Ca- We distinguish the following cases: (1) /i 



10 



ANARGYROS KATSABEKIS AND IGNACIO OJEDA 



is indispensable of I a- Then there exists a critical binomial g G 1^ with respect 
to al least one of the variables X3 and X4, say X4, such that g =/= ±fi, for every i. 
By substitution of with g in T we have, from Lemma 13.11 that every critical 
binomial with respect to X3 or X4 is in the ideal generated by the binomials of J^. 
Consequently the new set generates Ia- 

(2) /i is not indispensable of I a- Then there exists a critical binomial g G Ia 
with respect to al least one of the variables xi and X2, for instance X2, such that 
g ifi, for every i. We substitute /2 with g in J-. If ^ ^fii then we have, 
from Proposition 13.21 that the new set generates I a- Otherwise, we substitute 
/a with a critical binomial h with respect to 0:3 in J-' such that h ^ ifi, for every i, 
when /s is not indispensable. So, in this case, Ca is generated by a set of 4 critical 
binomials. □ 

Lemma 3.4. If CiUi ^ CkUk and CiUi 7^ Qai, where k ^ I, then either the only 
critical binomial of I a with respect to Xi is f = x^' — x^' or there exists a critical 
binomial f Ia with respect to Xi such that supp(/) has cardinality greater than 
or equal to three. 

Proof. Suppose the contrary and let fi = x1^ — x"' € I a where Uj > Cj . We define 

f = xi' - x^'x^'j''"' xl^xl' ^ fi + x'^j'""' fj G Ia with fj ^ xj - x^'xl^xj' S Ia- 
Now, from the minimality of Ci it follows that Vi — 0, thus at least one of Vk 
or vi is different from zero since fj £ I a- Therefore we conclude that supp(/) has 
cardinality greater than or equal to 3, a contradiction. The cases fi = a;^' ~^k'' ^ ^-^ 
and fi = xi' — a:"' G I a are analogous. □ 

Theorem 3.5. After permuting the variables, if necessary, there exists a minimal 

system of binomial generators S of Ca of the following form: 
CASE 1: // CiOi ^ CjOj, for every i ^ j, then S — {xi' — x"' , i = 1, . . . , 4} 
CASE 2: //ciOi = €202 and 0303 = 0404, then either 0202 ^ 2303 and 

(a) S = {xl^ - xf , x"^ - x"2 , xl^ - xl^ , xl^ - x"-» } when ^1(0 a) = 4. 

(b) S = {xl' - xl\xf - xl\xl^ - x"*} when fi{CA) = 3 

(c) S = {x1^ — x'i^ ^x"^^ — xl'^} when ^j.{Ca) = 2 
or C2a2 = c^ot, and 

(d) S — {xi — x^ , X2 ~ x^^ , — a; 4* } 

CASE 3: If cioi — €202 = 0303 / 0404, then S — {x^^ — x'i^ ,x'^2 ~ x'sixT ~ x"''} 
CASE 4: //ciOi = C2a2 and Ciai ^ CjOj for all {i,j} ^ {1,2}, then 

(a) S = {xl^ -X2\x1' -x"^ I i = 2, 3, 4} when h{Ca) = 4 

(b) S = {xl^ - x^^ , a; - x^- | i = 3, 4} when \i{Ca) = 3 

where, in each case, x"' denotes an appropriate monomial whose support has car- 
dinality greater than or equal to two. 

Proof. First, we observe that our assumption on the cardinality of x"' follows from 
Lemma Let J be the ideal generated by S. For the cases 1, 2(a-d), 3 and 4(a), 
it easily follows that J = Ca by Proposition 13.21 Indeed, in order to satisfy the 
hypothesis of Proposition l3.2l we may take /4 = 2:4" —x^^ G J and fs = x^^ —x^^ G J 
in the cases 2(d) and 3, respectively. The cases 2(b) and 4(b) happen when the only 
critical binomials of I a with respect to xi and a;2 are /i — x'^^ — x'^2 and /2 = 
respectively, then our claim follows from Lemma [3. II Finally, the case 2(c) occurs 
when the only critical binomials of I a are ±(^1'^ ~^'2^ and ±(2:3^ — xjj"), so J = Ca 
by definition. 

On the other hand, since xi' is an indispensable monomial of J^, for every i, 
by Corollary 11.61 we have that xi' is an indispensable monomial of the ideal J, for 
every i. Then, we conclude that S is minimal in the sense that no proper subset of 
S generates J. □ 
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Since Cj[ C any minimal system of generators of can not contain more 
than 4 critical binomials. This provides an affirmative answer to the question after 
Corollary 2 in . Notice that the only cases in which Ca can have a unique minimal 
system of generators are 1, 2(c) and 4(b); in these cases has a unique minimal 
system of binomial generators if and only if the monomials x"' are indispensable. 

Now we focus our attention on finding a minimal set of binomial generators of 
/_4, that will help us to solve the classification problem. The following lemma will 
be useful in the proof of Proposition 13 . 71 and Theorem 13.81 

Lemma 3.6. (i) If f — x^l' — x'^ is a minimal generator of 1^ which is not critical, 
then there exists j ^ i such that supp(x'^) n {i, j} — and CiOi — CjOj. Moreover, 
if yC^ is not indispensable, then CkQk = ciai, with {i,j,k,l} = {1,2,3,4}. 
(ii) If f = x^^Xj^ — x'^ is a minimal generator of I a with Ui ^ and Uj > Cj, then 
supp(x'^) n {i,j} — and Ciai = CjOj. In addition, if is not indispensable, then 
CkCLk = cm, with {i,j,k,l} = {1,2,3,4}. 

Proof, (i) Let b = CiQi. Since / is not a critical binomial, we have that Ui > Ci. If 
Ciai 7^ CjUj, for every j ^ i, then, from lemma there exists a critical binomial 
f = x^' — e I A such that supp(x'*^) has cardinality greater than or equal to two. 
If supp(x'') n supp(x'^) ^ 0, then i — > x'^'~'''x'" < — > x^ is a path in G'fc(/^), 
a contradiction to the fact that / is a minimal generator by Theorem 1 1.81 Assume 
that supp(x'^) n supp(x^) = 0. It is enough to see the case that x"^ is a power of 
a variable, say x'*^ = x"' . The monomial x'*^ is not indispensable, so, from Theorem 
11.91 there exists a monomial x^ e deg^^(6) such that supp(x^) has cardinality 
greater than or equal to 2 and also I £ supp(x^). Then x"' < — > a;"'~^'x'^ i — > 
x^ i — > x^ is a path in Gb{lA), a contradiction. Thus CiUi = CjOj, for an j ^ i. We 
have that supp(x'^) n {i,j} = 0; otherwise x"' < — > x^^~'^^x'^' i — > x^ is a path in 
Gb[lA)i a contradiction again. 

Finally, if x'*' is not indispensable, then, by Theorem ll.9[ there exists a monomial 
x"^ G deg^^(&) such that supp(x'^) n supp(x'^) ^ 0. If j e supp(x"^), then x"' i — > 
^ui-ci^cj ^ — ^ ^ — y jg ^ path in G'fc(/^), a contradiction to the fact that 
/ is a minimal generator. Moreover i ^ supp(x^), since if i S supp(x'^) then 
x"* < — !■ x^ < — > x^ is a path in Gb{lA)- Thus supp(x^) C {k, 1} and also x^''xj' — 
x^'^xp e I A- Suppose that CkOk ^ ciai, then we may assume that for instance 
Vk > Ck- By using similar arguments as in the first part of the proof we arrive at a 
contradiction. Consequently CfeOfc = c;a; 

(ii) The proof is an easy adaptation of the arguments used in (i). □ 

For the rest of this section we keep the same notation as in Theorem \3.5\ 
The following result was first proved by Bresinsky (see [H Theorem 3]), but our 
argument seems to be shorter and more appropriate in our context. 

Proposition 3.7. There exists a minimal system of binomial generators of Ia 
consisting of the union of S and a set of binomials in I a with full support. 

Proof. By Lemma 13.61 (i), if for instance / = x^* — x'^ is a minimal generator of 
I A which is not a critical binomial with respect to any variable, then CiOi = CjGj, 
for j ^ i, and also g = f — x"'~'^'(x^' — x'j') = x"'~'^'x^^ — x'^ S /yi is a minimal 
generator of Ia- Moreover, either supp(x^) = {k,l} and {k,l} fl {i,j} = 0, so 
g has full support, or x^ is a power of a variable, say x'^ = x^.'' , with Vk > Cfc. 
In this case, by using again Lemma [3.61 (i), we obtain a minimal generator h = 
g + xl'-'^^ixl" -xf) = x'^'-^^x"/ -xl'-'^'-xf g Ia with {k,l}n{i,j} = 0. Hence, 
there exists a system of generators of Ia consisting of the union of a system of 
binomials generators of Ca and a set 5' of binomials in I a with full support. 
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Furthermore, by Theorem 13.51 we may assume that 5 is a system of binomials 
generators of Ca- 

Now, let / = a;^' — x" G S and suppose that / = J2n=i 9n fn where every 
/„ S (<S \ {/}) U S'. From the minimality of Ci we have that /„ = ±(2^^' — x"^) and 
\gn \ = 1, for some n. Then, according to the cases in Theorem l3.51 either x" or x'^ is 
equal to , for some j 7^ i. Now in the above expression of / the term x^^ should be 
canceled, so, from the minimality of cj, we have fm = ^{x'j^ — x^) and \g„i\ = 1, for 
an m ^ n. Therefore, we conclude that either {x^' — , ±(xj' — x"^), ±{x'j' — x^)} 
or {a;^* — x", ±(2:^' ~ )' ^(^7 ~ -^""^^ ^ subset of S. So, the only possible case 
is 5 = {x^^ — X2^,X2^ — x'^^jx'^^ — x^^}. Since, in this case, = by Theorem 
12.91 and 5' = 0, we are done. □ 



From the above proposition it follows that /_4 is generic (see, e.g. [15') only in 
the case 1. The next theorem provides a minimal generating set for J^. 

Theorem 3.8. The union of S. the set I of all binomials a;"'^a;"'^ — x^'^a;"'" € I a 
with < Ui- < Cj, j = 1,2, > 0, > and XjJ^Xj^'" indispensable, and the 
set TZ of all binomials G \ X with full support such that 

• ui < ci and indispensable, in the CASES 2(b) and 4(b)- 

• ui < Ci and/or U3 < C3 and there is no x\^X2^ — x^^x^"^ G with full 
support such that x"iX^ properly divides Xi^'^""'^ X2^~°"^^ or x^^x^^ properly 
divides for some a G N, in the CASE 2(c). 

is a minimal system of generators of Ij^^ (up to permutation of indices). 

Proof. By Proposition 13.71 there exists a minimal system of binomial generators 
iS U 5' of such that 5 is a minimal system of generators of Ca and supp(/) = 
{1,2,3,4}, for every f € S' . Moreover, since all the binomials in the set I are 
indispensable by Corollarv l2.16l then S' = I U TZ, where 7?. is a set of binomials of 
of the form x^^^ x^^'^ — Xj^'^Xj^'* with Ui^ ^ 0, for every j, and Ui- > Cj for some 

j- 

Observe that if 7?. = 0, then the set defined in the statement of the theorem 
coincides with SUS' and therefore it is a minimal set of generators. So, we assume 
that TZ ^ 0, that is to say, there exists a minimal generator G TZ 

with U2 > C2 (by permuting variables if necessary). By Lemma l3.6l (ii) it holds that 
ciQi = C2a2, so in CASE 1 we have TZ = and therefore we are done. Moreover, if 
C2a2 = CtOi, for an i G {3,4}, then x'^'-X2^ i — > xl^X2'~''^xf < — > x'^^'x'l'' is a path 
in Gh{Ij\), where b — uiOi +U2b2, a contradiction with Theorem 1 1.81 Therefore, we 
conclude that the theorem is also true in CASE 2(d) and CASE 3. Notice that, in 
the CASES 2(a) and 4(a), we can proceed similarly to reach a contradiction; indeed, 
since — x'^ ^ S, where supp(x"^) — {3,4}, then xl^ — G Ia and therefore 
x'i'x^^ ^ xl^-^^^xl^-"^ ^ xl'xl^-^^-y.^ ^ xfx\^ is a path in Gfc(/^), a 
contradiction with Theorem[LHl Thus 7^ = in CASES 2(a) and 4(a), too. 

Suppose now that x^-^x\^ —X2^x^^ G TZ. By Lemma l3.6l (ii) again, we obtain that 
at least one of the equalities Ciai = CiOi and 0202 = CjOj holds. But, as we proved 
above, these equalities are incompatible with the condition T eTZ 

with U2 > C2. Hence, all the binomials in TZ are of the form x'x* — x'x* and X2 
arises, with exponent greater than or equal to 2, in at least one of them. 

We distinguish the following cases: 

'^^xY G TZ such that for instance 



CASE 2(b) or 4(b). 



V4 > C4, then 0303 = C4a4 by Lemma 13.61 (ii). This is clearly incompatible with 
CASES 2(b) and 4(b), since x^'xl" ^ 4^a;^*-"*x"* ^ x^'x^^ is a path in 
Gd{lA)i d — aivi + a2V2, a contradiction with Theorem 11.81 Thus the binomi- 
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not indispensable, then there exists — x^^x^'^ G I a such that < Vi < Ui, for 

3 -^4 



« = 3,4, with at least one inequality strict and supp(a;'^) C {1,2}. So, x^^x"^ 



x^^~^^ x^'^~^'^x.^ i — > x^'^X2^ is a path in Gii^Ia) where b = 03^3 + 04^4, a contra- 
diction with Theorem 11.81 Moreover, since — x'^ G we may change, if it 
is necessary, TZ by replacing every binomial x\^X2^ — Xg^x""*, where ui > ci, with 
^ui-«ci ^u2+ac2 _^«3^«4 g such that < Ml - aci < ci and U2 + ac2 > ca. Now 
the new set 5 U T U 7?. has the desired form. We have that 

^"1t,"2 _ ^"3^"4 _ I ^Ux-aci U2+aC2 _ ^U3 Ui\ . Ui-act U2 ( act _ ^0-C2\ 

Xi 0,2 ■''3 ■^4 ~ V'^'l ■^2 '''3 ■''4 ) ' -^1 -^2 ■^2 /' 

SO 5 U I U 7^ is a generating set of I a- To see that this is actually minimal, 
by indispensability reasons, it suffices to show that if e TZ and 

xl'xl^-x^'x^^ G 5UJU7^, then x'l'x^' = x\^xl\ Otherwise x\^xl^ -x\^xl^ € U, 
but < Ml < ci and mi < ci. Thus |mi — wi| < ci, so mi = ci, wi = and therefore 
V2 = C2^ since every binomial in SUXUTZ with cardinality less than four is critical. 
We have that cioi + a2U2 = 0202 and also ciOi = €202, so M2 = a contradiction. 



CASE 2(c). Now, by modifying TZ as in the previous case if necessary, we have 



that the binomials in TZ are of the following form: with < Ml < 

ci,M2 7^ and/or < M3 < C3,M4 7^ 0. If there exist a G N and x\^X2^ —x^^x^^ G I a 
with full support such that a;l'^+""^a;^^-"^= = mx\'x"2^ (or x^^+^'^^xf """^ = 
mx^x^^, respectively) with to 7^ 1, then Xi^X2^ < — > mx^^^x\* < — 5- x^^x^"^ (or 
a;"^a;2^ i — > x\^x^m i — x^^x^'^, respectively) is a path in Gb{lA), where b = 
MiOi + M2a2, a contradiction with Theorem 11.81 So, we conclude that all the bi- 
nomials in TZ are of the desired form. Moreover, given / = x\^x'2^ — x^^x^"^ G TZ 
and a monomial x'^ with deg_4(x'^) — uiai -I- U2a2, then either wi = 112 = or 
vi — vy, — — Q and V2 > C2- Indeed, since x^^x^'^ — x\^x"2^x^x\^ G then 

(i) g = a;"!-"!^'"'" - xfxl"- G I a, when mi < mi and M2 < M2. If 3 
has full support, then wi = M2 = 0, otherwise f ^ TZ. li for instance 
ui — vi = 0, then M2 — 'y2 > C2, because of the minimality of C2. Thus, 5' = 

^u^~vr+cr^U2-V2-C2 _ ^vs ^v^ g ^, j^^g support, then Ml = M2 = 0; 

otherwise the monomial x^^^^^+^'^Xj^"''^^''^ properly divides x'!;^'^"^ X2^~''^ , 
that is to say, / ^ 7?.. If g' does not have full support, say M3 = 0, 
then M4 > C4 (due to the minimality of C4). So, we may define g" = 
^u,-v,+c,^u2-v2-c2 _ 2;^32.^4-c4 g coucludc that Ml = M2 = 0, as 

before. 

(ii) g — x\^~^'^ — X2^~^^x^^x^* G when mi < mi and M2 > M2. Since < 
ui < ci, we have that mi = and also mi = ci. Thus M2 — M2 = C2 and 
M3 = M4 = 0, since x^^ — x'il is the only critical binomial with respect to x\. 

(iii) g = X2^~^^ — Xi^'^^x^^'^x^* G when mi > mi and M2 < M2. Now, by the 
minimality of C2, we have that M2—M2 > C2 and therefore /i = x^^ X2^~^^~'^^ — 
xl'-'^'x^^'xl" G Ia- So, either xl'+^'^'^x^^-"^-"' - x^^'xl'' G Ia, when 
Ci > Ml — Ml, or X2^~^^~'^^ — Xi^~^'-~'^^ x^'^ x^'^ G I A, whcu Ci < Ml — Ml. In 
the first case we proceed as in (i), while in the other we repeat the same 
argument and so on. This process can not continue indefinitely, since there 
exists a G N such that aci < mi — mi, and thus we are done. 

From Theorem 11.81 we have that there exists a minimal generator of ^—degree 
deg_4(/) for each f E TZ. Furthermore, by direct checking one can show that all the 
binomials in XUTZ have a different ^—degree, and all these ^—degrees are different 
from both cifli and C2a2. Thus, we conclude that iSUlUT^ is a minimal system of 
generators oi Ia- O 



Combining Theorem 13.81 with Corollaries 12.51 and 12.161 vields the following theo- 
rem. 
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Theorem 3.9. With the same notation as in Theorem \3.8l the ideal has a 
unique minimal system of generators if, and only if, Ca has a unique minimal 
system of generators and TZ = 0. 

In [TS], it is shown that there exist semigroup ideals of k[xi, . . . , X4] with unique 
minimal system of binomial generators of cardinality m, for every m > 7. 

Example 3.10. Let A — {6,8,17,19}. The critical binomial xf — x\ of I a is 
indispensable, while the critical binomial not indispensable. Thus we 

are in CASE 4(b). The binomial belongs to TZ and therefore, from 

Theorem 13. 91 the toric ideal /_4 does not have a unique minimal system of binomial 
generators. 

Example 3.11. Let A = {25, 30, 57, 76}, then the minimal number of generators 
of I A equals 8. The only critical binomials of I a are i{xf — xl) and ±(a;| — xl), so 
we are in CASE 2(c). The binomial X-^Xq^ X^X^ belongs to TZ and therefore, from 
Theorem 13. 91 the toric ideal I a does not have a unique minimal system of binomial 
generators. 

Observe that I_a is a complete intersection only in cases 2(b-d), 3 and 4(b). 
Moreover, except from 2(c), in all the other cases I_a = C_a- In the case 2(c) a 
minimal system of binomial generators is x^^ — x'^^ , x^^ — a; 2" and x"^ — x^" x^"^ 
where aiUi + 021*2 = 03^3 + 041*4 = lcm(gcd(oi, 02), gcd(o3, 04)) (see, [S]). 

It is well known that the ring k[x]///v is Gorenstein if and only if the semigroup 
is symmetric, see Q^. We will prove that if NA is symmetric and I a is not a 
complete intersection, then has a unique minimal system of binomial generators. 

Theorem 3.12. If fi = xl^ -x^^=> xl^\ fi = x''^ -x^""^ x\^\ fa = xj,^ -xf ^^'^ and 
fi = xjj* — 2:2''^ 2:3*^ are critical binomials of I a such that supp(/i) has cardinality 
equal to 3, for every i € {1, . . . , 4}, then 1^ has a unique minimal system of binomial 
generators. 

Proof. We have that every exponent Uij of Xj is strictly less than Cj, for each 
j = 1,...,4. If for instance M13 > C3, then x^^ - x"^'x^'>^X3^'>-''''x^^^ = fi + 
x^^''~''^x'^"'f3 £ I A and therefore x^^""^! - xl^^^ x^'''-''^x^'^ e a contradiction 
to the minimality of ci. By Proposition 12.31 we have that QOi 7^ Cjaj, for every 
i 7^ j. We will prove that every fi is indispensable of Ca- Suppose for example that 
/i is not indispensable of Ca, then there is a binomial g — x'^^ — x^x'"r^x'"^ £ Ia-^o 
2^3 ^^^4^* ~^2^^3^^4* ^ and thus vj, < U13, Vi < U14 since M13 < C3 and M14 < C4. 
We have that - x^^^-'^xf e Ia and also a;J^ - x^'^^x^^-^^x^^rrf ^+"^ = g + 
xl^'-''^xl'xff2 e Ia- Therefore x^^""'^ -x^'~'^'a;^^a;f G Ia, a contradiction to 
the minimality of ci. Analogously we can prove that /2, /s and f^ are indispensable 
of Ca- Thus Ca is generated by its indispensable and therefore, from Theorem 13.91 
the toric ideal Ia has a unique minimal system of binomial generators. □ 

Corollary 3.13. Let NA be a symmetric semigroup. If Ia is not a complete 
intersection, then it has a unique minimal system of binomial generators. 

Proof. From Theorem 3 in [3] the toric ideal Ia has a minimal generating set 
consisting of five binomials, namely four critical binomials of the form defined in 
the above theorem and a non critical binomial. By Theorem l3.12l the toric ideal I a 
is generated by its indispensable. □ 

In higher embedding dimensions, the above result fails. In [19] it is shown that 
the semigroup generated by ^ = {15,16,81,82,83,84} is symmetric. Since the 
monomials x\^,X3Xe and X4X5 have the same .4.— degree, we conclude, by Theorem 
11.81 that the ideal I a does not have a unique minimal system of binomial generators. 
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